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1 Introduction 
 
This documentation presents the equations forming the foundation of a published model [1-6] of 
hypothalamus-pituitary-thyroid axis. This model (MiMe-NoCoDI model #10) is based on 
Michaelis-Menten kinetics and non-competitive divisive inhibition. The numbering of equations 
is identical to that in Dietrich 2002 [1]. 
 

2 Processing structure 

 
 

Information processing structure of model #10 [3] 
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3 Equations of processes, organs and compartments 

3.1 Plasma Protein Binding (feedback loops #2, #3, #4 and #6) 
3.1.1 Recursive equation 
 
 [𝐹𝑇$] = [𝑇$] − [𝐵𝑇$] (3.1) 
 
 [𝐹𝑇$] = [𝑇$] − 𝐾$*[𝐹𝑇$][𝑇𝐵𝐺] − 𝐾$,[𝐹𝑇$][𝑇𝐵𝑃𝐴] (3.2) 
 
[𝑇$]:	free T4 concentration; [𝐹𝑇$]free T4 concentration; [𝐵𝑇$]: plasma protein-bound T4 
concentration. See table for an explanation of additional symbols. 
 
3.1.2 Equifinal solution 
 
 [𝐹𝑇$] =

12
*3425[167]3428[169:]

 (3.3) 
 
 [𝐹𝑇;]9 =

[1<]=
*34<>[167]

 (3.4) 
 
[T;]@:	total T3 concentration in peripheral plasma; [𝐹𝑇;]9:	free T3 concentration in peripheral 
plasma. 
 

3.2 Hypothalamus and Pituitary 
 
 [𝑇𝑅𝐻]C = [𝑇𝑅𝐻]9 +

*
Ė
G1HI
GJ

∗
 (3.5) 

 
[𝑇𝑅𝐻]C: TRH concentration in hypothalamus-pituitary portal vessel system; [𝑇𝑅𝐻]9: TRH 
concentration in peripheral plasma; 	𝑉:̇  Plasma flow rate in the portal system;  
G1HI
GJ

∗
: TRH production rate in the hypothalamic PVN. 

 
 [𝑇𝑆𝐻]N =

OP8
QP8

G1RI
GJ

∗
 (3.6) 

 
[𝑇𝑆𝐻]N : central (intrapituitary) TSH concentration;  	G1RI

GJ

∗
 pituitary TSH production rate. 

 
 G1RI

GJ

∗
= 7S[1HI]T

(VS3[1HI]T)(*3XP[1<]Y)Z*3
PP[[PS]\
]P^[[PS]\

_
 (3.7) 

 
 [𝑇𝑆𝐻] = OP

QP

G1RI
GJ

∗
 (3.8) 

 

3.3 T4 production, distribution and elimination 
 
 [𝑇$] =

7[O[[1RI]4[[1`a]4b[cd]
Q[(V[3[1RI])

 (3.9) 
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3.4 T3 metabolism in central and peripheral compartments 
 
 [T;]e =

fg8h<8[ij2]
k<8(lm83[ij2])

  (3.10) 

 
[T;]e: intrapituitary total T3 concentration. 
 
 [𝑇;]n =

[1<]o
*34<5[c6R]

  (3.11) 
 
[T;]p: intrapituitary unbound T3 concentration; [𝐼𝐵𝑆] concentration of intracellular binding 
substrate (e.g. CRYM). 
 
 [𝑇;]H =

7Y[1<]r
VY3[1<]r

  (3.12) 

 
[𝑇;]H: receptor-bound T3. 
 
 [T;]@ =

fg5h<5[ij2]
k<5(lm53[ij2])

  (3.13) 

 
[T;]@: total T3 concentration in peripheral plasma. 
 
 

4 Predicting the Equilibrium 

4.1 Ultrashort feedback loop (Brokken-Wiersinga-Prummel loop, loop #5): 
 
 𝑎𝑥, + 𝑏𝑥 + 𝑐 = 0  (3.14) 
 
 𝑎 = (1 + 𝑆R)𝛼R,  (3.15) 
 
 𝑏 = 𝐷R𝛽R, −

7SOP8[1HI]T
(VS3[1HI]T)(*3XP[1;]Y)

  (3.16) 
 
 𝑐 = − 7SVPQP8[1HI]T

(VS3[1HI]T)(*3XP[1<]Y)
  (3.17) 

 

 𝑥*,, = − }
,~
± √}8�$~�

,~
  (3.18) 

 
Since 
 

 √}8�$~�
,~

> �}
,~

  (3.19) 
 
one solution is positive and the second solution is negative. 
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4.2 Outer feedback loop (Astwood-Hoskins loop, loop #1): 
 
 𝐾, = 	

7[O[
Q[

  (3.20) 
 
 𝐾; = 	

7]8O<8
Q<8(*34<5[c6R])

  (3.21) 
 
 𝐾� =

*
,

*
(*3RP)OP8

  (3.22) 
 
 𝐾� = 	

OP87S[1HI]T
VS3[1HI]T

  (3.23) 
 
 𝐾� = 𝐷R𝛽R,  (3.24) 
 
 𝐾** =

OP
QP

  (3.25) 
 
 𝐾,* =

7[O[4[[1`a]4b[cd]
Q[

  (3.26) 
 
 𝐾,, =

485
*3425[167]3428[169:]

 (3.27) 
 
 𝐾�* = 𝐾�𝐾**  (3.28) 
 
 𝐺; =

4<7Y
4<3VY

  (3.29) 
 
 𝐷; =

4�8VY
4<3VY

	  (3.30) 
 
 𝑎𝑥; + 𝑏𝑥, + 𝑐𝑥 + 𝑑 = 0  (3.31) 
 
 𝑎 = V<34883XP7<488

4�5
  (3.32) 

 
 𝑏 = V<V[

4�5
+ 2𝐷;𝐾� + 2𝐾�𝐾,, + 2𝐿R𝐺;𝐾�𝐾,, − 2𝐷;𝐾� − 2𝐾�𝐾,,  (3.33) 

 
 𝑐 = 2[𝐷;𝐷1𝐾� − 𝐷;𝐷1𝐾� − 2(1 + 𝑆R)𝐷;𝐾�𝐾�𝐾�* − 2(1 + 𝑆R)𝐾�𝐾�𝐾,,𝐾�*] (3.34) 
 
 𝑑 = 4(1 + 𝑆R)𝐷;𝐷1𝐾�𝐾�𝐾�*  (3.35) 
 
By introducing the transformation 
 
 𝑥 = 𝑦 − }

;~
  (3.36) 

 
equation (3.31) can be reduced to 
 
 𝑦; + 𝑟𝑦 + 𝑠 = 0 (3.37) 
 
with 
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 𝑟 = �
~
− *

;
�}
~
�
,
  (3.38) 

 

 𝑠 = ,
,�
�}
~
�
;
− *

;
�}
~8
+ G

~
  (3.39) 

 
 𝑝 = �

;
  (3.40) 

 
 𝑞 = �

,
  (3.41) 

 
4.2.1 Solution with Cardano’s equation 
 
If 𝑝; + 𝑞, > 0: 
 

 𝑢 = �−𝑞 +�𝑝; + 𝑞,
<

  (3.42) 
 

 𝑣 = �−𝑞 − �𝑝; + 𝑞,
<

 (3.43) 
 
 𝑦* = 𝑢 + 𝑣  (3.44) 
 
 𝑦, = − �3�

,
+ �

, √3(𝑢 − 𝑣)  (3.45) 
 
 𝑦; = − �3�

,
− �

, √3(𝑢 − 𝑣)  (3.46) 
 
4.2.2 Solution as casus irreducibilis 
 
If 𝑝; + 𝑞, ≤ 0: 
 
 cos𝜑 = �¤

��¥<
  (3.47) 

 
 𝑦* = 2�−𝑝 cos ¦;  (3.48) 
 
 𝑦, = −2�−𝑝 cos �¦; + 60°�  (3.49) 
  
 𝑦; = −2�−𝑝 cos �¦; − 60°�  (3.50) 
 
4.2.3 Getting equifinal TSH concentration from the solutions 
 
With equation (3.36) the three solutions for y can be converted to three solutions for x. The 
positive solution represents the TSH concentration that is aimed at in equilibrium. The 
concentrations for the other hormones within the feedback loop can be calculated from 
equilibrium TSH concentrations with equations (3.6) to (3.13). 
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5 Parameters 
 
Table: Constant parameters of the model [1–3, 6] 
 
Symbol	 Explanation	 Value	

GH	 Secretory capacity of the pituitary	 817 mIU/s	
DH	 Damping constant (EC50) of TRH at the pituitary	 47 nmol/l	
GT	 Secretory capacity of the thyroid gland	 3.4 pmol/s	
DT	 Damping constant (EC50) of TSH at the thyroid gland	 2.75 mIU/l	
GD1	 Maximum activity of type I deiodinase	 28 nmol/s	
KM1	 Dissociation constant of 5‘-deiodinase I	 500 nmol/l	
GD2	 Maximum activity of type II deiodinase	 4.3 fmol/s	
KM2	 Dissociation constant of 5‘-deiodinase II	 1 nmol/l	
GR	 Maximum gain of TRb receptors	 1 mol/s	
DR	 EC50 for central T3	 100 pmol/l	
SS	 Brake constant of TSH ultra-short-feedback	 100 l/mIU	
DS	 EC50 for TSH at the pituitary	 50 mIU/l	
aR	 Dilution factor for peripheral TRH	 0.4 l-1	
bR	 Clearance exponent for TRH	 2.3 e-3 s-1	
aS	 Dilution factor for TSH	 0.4 l-1	
bS	 Clearance exponent for TSH	 2.3 e-4 s-1	
aT	 Dilution factor for T4	 0.1 l-1	
bT	 Clearance exponent for T4	 1.1 e-6 s-1	
a31	 Dilution factor for peripheral T3	 2.6 e-2 l-1	
b31	 Clearance exponent for T3P	 8 e-6 s-1	
a32	 Dilution factor for central T3	 1.3 e5 l-1	
b32	 Clearance exponent for central T3	 8.3 e-4 s-1	
aS2	 Dilution factor for pituitary TSH	 2.6 e5 l-1	
bS2	 Clearance exponent for central TSH	 140 s-1	
K30	 Dissociation constant T3-TBG	 2 e9 l/mol	
K31	 Dissociation constant T3-IBS	 2 e9 l/mol	
K41	 Dissociation constant T4-TBG	 2 e10 l/mol	
K42	 Dissociation constant T4-TBPA	 2 e8 l/mol 
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